Source generation procedure is applied to construct a hybrid type of soliton equations with self-consistent sources (SESCSs). The examples include the KP equation with self-consistent sources (KPESCS) and two-dimensional TodaESCS. One typical feature for this hybrid type of SESCSs is that soliton solutions of these new systems contain arbitrary functions of a linear combination of two independent variables, which is different from the normal SESCSs where soliton solutions only contain arbitrary functions of one independent variable. What's more, the obtained two hybrid SESCSs can be reduced to two different simpler SESCSs respectively.
Introduction
Study of soliton equations with self-consistent sources (SESCSs) has become a subject of intense investigation, since the pioneering work of Mel'nikov [1] . In 1980s, Mel'nikov proposed a number of new nonlinear evolution equations by using the Lax representation of the form Γ n is shown to exist such that the coefficients of the operator Γ n depend on the solution ϕ n of the equation
Then from the coupled system
many known SESCSs were derived, including the KdVESCS, the NLSESCS and the KPESCS. Such SESCSs constitute an important class of integrable systems. Physically, these coupled systems can result in different dynamics of solitons due to the coupling of the wave function and the sources. For applications, they usually describe nonlinear interactions between different solitary waves which are relevant to some problems of hydrodynamics, plasma physics, solid-state physics, etc. For example, the following nonlinear system of coupled equations [2] (γ is the coupling constant, γ ∈ R + and k ∈ R)
for the fields q(x, t), a j (x, t) is what we call the nonlinear Schrödinger equation with a source, where the overbar means complex conjugation and the right-hand side of Eq. (1) acts as a source. When the coupling constant γ vanishes, Eq. (1) reduces to the nonlinear Schrödinger equation. To the above system is associated the initial-boundary value problem
These boundary conditions mean that there is an input electrostatic wave at x = +∞ and no input wave at x = −∞. This system can be derived from the general hydrodynamic-Poisson-Maxwell equations [3] by using the multiscale expansion method. On the other hand, it can describe a transfer of energy from the electrostatic incoming wave (represented by a 1 ) to the acoustic wave (represented by q) according to the following formula
In Ref. [3] , the system adjoint to the above boundary conditions was proved to be integrable and can be solved by means of the spectral transform method. SESCSs have widely been studied in several ways, such as the inverse scattering transform, Darboux transform, Hirota's method and so on [4] [5] [6] . These coupled systems have also been shown to have some other integrable properties, including possessing bilinear Bäcklund transformation [7] and infinite conservation laws. Recently a new method called "source generation procedure" has also been proposed to construct and solve SESCSs [8, 9] . The three steps involved in this procedure can be described as follows:
1. to express N-soliton solutions of a bilinear soliton equation without sources in the form of determinant or pfaffian with some arbitrary constants, say c ij ; 2. to generalize the determinant or pfaffian in step 1 by replacing some arbitrary constants c ij with arbitrary functions of one variable, e.g. c ij (t); 3 . to seek coupled bilinear equations whose solutions are these generalized determinants or pfaffians, and this coupled system is the SESCS.
It is noted that the key point in source generation procedure is to change the arbitrary constants contained in solutions of original equations without sources into certain functions of some independent variables, and this step is much like the constant variation method in the theory of linear ordinary differential equations. More explicitly, this new method is to apply the "Constant Variation Method (CVM)" to the τ functions of a bilinear soliton equation, then to get the SESCS as well as its soliton solutions, and the notable character of the procedure is the combination of the CVM and Hirota's bilinear form of soliton equations. By means of this procedure, we have successfully constructed many SESCSs. From the viewpoint of source generation procedure, we can classify all known examples of SESCSs into two types: The first one is characterized by the property that their explicit solutions contain arbitrary functions of the temporal variable [8, 6] while the second one shares the common feature that their explicit solutions contain arbitrary functions of the spatial variable. One famous example of the first type is the following KPESCS [1] :
Another less-studied KPESCS is
which was first given by Mel'nikov [1] and has been shown to be of the second type in [9] recently. Based on these observations, it is natural for us to raise such a problem: except for the above mentioned two types of SESCSs, whether or not does there exist some other types of SESCSs? The purpose of this paper is to propose a new type of SESCSs which are a combination of the first type of SESCSs and the second type of SESCSs. We will construct so-called hybrid type of SESCSs by allowing z-dependence of the arbitrary constants in the determinantal solutions or pfaffian solutions of soliton equations without sources via source generation procedure, where z is a linear combination of temporal and spatial variables.
Recall that, in the literature, there have been some attractive soliton equations which can be called hybrid type as we have known, and they can reduce to different simple soliton equations. For example, the Gardner equation [10] 
is a kind of generalization of KdV equation which cannot only reduce to the KdV equation, but reduce to the modified KdV (mKdV) equation. Besides, another example is the generalized nonlinear Schrödinger equation [11] q t = iq xx + a q which was solved by inverse scattering transform by Kaup and Newell [12] . In addition to the above two equations, there is a hybrid differential-difference equation [13] dw n dt
which includes the following three equations as special cases:
Historically, these hybrid types of soliton equations have played an important role in the development of soliton theory as well as in applications. We expect that the hybrid type of SESCSs will also play a role in this field.
In this paper, we will focus on construction of the hybrid type of the KPESCS and the hybrid type of the two-dimensional Toda lattice equation with self-consistent sources (TodaESCS), respectively. There are two common features on the hybrid type, one of which is that this kind of SESCSs can reduce to different simpler SESCSs, and the other is that their soliton solutions include some arbitrary functions of two independent variables. For example, as we will see in Section 2, the hybrid type of KPESCS can be reduced to the usual KPESCS (3) as well as to another KPESCS (4), and its soliton solutions include some functions of two variables y and t.
This paper is organized as follows. In Section 2, applying the source generation procedure, we construct the hybrid KPESCS, and give its determinant solutions. Furthermore a bilinear Bäcklund transformation (BT) for the hybrid KPESCS is given in Section 3. In Section 4, we present and solve the hybrid two-dimensional TodaESCS, and accordingly we also give a bilinear BT for the hybrid TodaESCS in Section 5. Finally, there are conclusion and discussions in Section 6.
Hybrid type of KPESCS
In this section, we will construct a new type of KPESCS, which cannot only be reduced to the first type of KPESCS, but be reduced to the second type of KPESCS. The KP equation [14] 
can be transformed into the bilinear equation
where D is the Hirota operator [14] 
In the following, we apply the source generation procedure to the KP equation. Firstly we give a Gram-type determinant solution of Eq. (6):
with functions f i andf j satisfying
Now we generalize the solution τ into the following form:
Here f i andf j are defined as before, and pfaffian elements are defined as follows
where C ij (X) satisfy the following condition:
and a, b are non-zero constants. In this case, the function f will not satisfy Eq. (6) any more. So we need to introduce other new functions which are defined as determinants and expressed in the form of pfaffian here
where the dot denotes the derivative of C i (X) with respect to X , and the hat denotes the deletion of the letter under it.
Besides, new pfaffian elements are expressed as
Then new functions f , g i , h i and k i satisfy the following bilinear equations:
where P i , Q i are auxiliary functions defined by 
and C i (X) denotes the second order derivative of C i (X) with respect to X . Now we prove the above equations. According to expressions (8)- (11), we have the following formulas: 
Substituting the above formulas into Eq. (12) leads to the following expression: which can be proved through the Jacobi identity of determinants. So Eq. (12) holds. Similarly, substitution of (8)- (11) and (23) into Eq. (13) yields the following relation: 
bilinear equations (12)-(17) are finally transformed into the nonlinear system
From this result, we can find that if we set a = 0, b = 1 8 , the new type of KPESCS (24) is reduced to the following system
which is just the first type of KPESCS (3), and accordingly the solution of (24) is reduced to the solution of the KPESCS (3).
If we set a = 1, b = 0, the system (24) is reduced to the following equations:
which is nothing but the second type of KPESCS (4) . At the same time, the solution of (24) is also reduced to the solution of the system (26). The characteristic of the KPESCS (24) is much like the Gardner equation which can be viewed as the combination of the KdV equation and the modified KdV equation. So we call this kind of KPESCS as the hybrid-type or Gardner-type KPESCS.
Bilinear Bäcklund transformation (BT) for the system (24)
Now we give a bilinear BT for the hybrid KPESCS, and it can be described in the following proposition: 
Proof. This proposition can be verified according to the bilinear operator identities in Appendix A, and here we omit the details. 2
Hybrid type of two-dimensional TodaESCS
In Section 2, we constructed a hybrid type of KPESCS, and its determinant solutions have some arbitrary functions of two independent variables y and t, which is different from the normal KPESCS and the second type of KPESCS whose solutions include arbitrary functions with respect to only one independent variable. Now applying the source generation procedure, we can also construct such a kind of two-dimensional TodaESCS which solution also contains some certain functions of two independent variables. It is known that the two-dimensional Toda lattice equation can be written as the following form [14] :
which can be transformed into the bilinear form
through the dependent variable transformation
where the bilinear difference operator is defined by
Eq. (41) has the Gram-type determinant solution [14] :
where functions φ
Following the source generation procedure, we change τ n in (42) into the new determinant form:
which can also be expressed in the form of pfaffian:
Here a ij and pfaffian entries are defined by
where functions C ij (X) satisfy the following condition:
and a, b are constants satisfying ab = 0. In this case, we need to introduce other functions defined as follows
where the dot denotes the derivative of C j (X) with respect to X , and new pfaffian entries have the following form:
Then functions f n , g i,n , h i,n and k i,n so defined will satisfy the following bilinear equations:
Here P j,n and Q j,n are auxiliary functions which are expressed as
where C j (X) denotes the second-order derivative of C j (X) with respect to X . Now we show that functions in (45)- (47) and ( 
Substituting above results into Eq. (48) leads to the following relation:
The system (67) is another kind of two-dimensional TodaESCS, which can still be obtained by using the source generation procedure. Hence the system (63)-(65) can be called a hybrid type of SESCS, which cannot only be reduced to the normal two-dimensional TodaESCS (66), but also be reduced to the new TodaESCS (67).
Bilinear Bäcklund transformation (BT) for the system (63)-(65)
Here we will give the bilinear BT for the hybrid type of two-dimensional TodaESCS.
Proposition 2.
The bilinear system (48)-(53) has the following bilinear BT:
where λ, μ, α, β, γ and θ are arbitrary constants.
Proof. Please refer to Appendix B. 2
Conclusion and discussions
In this paper, we have investigated two new SESCSs, i.e. the KPESCS (24) and two-dimensional TodaESCS (63)-(65). They are also called hybrid type of KPESCSs and hybrid type of TodaESCS, respectively. As far as solutions are concerned, the soliton solutions of this new kind of KPESCS contain some functions C i (ay + bt), which are different from the solutions of the two KPESCSs (3) and (4) where the solutions only include arbitrary functions C i (t) and C i (y), respectively. On the other hand, when we choose a = 0, b = 0, the new KPESCS is reduced to the ordinary KPESCS (3), and accordingly its soliton solution is transformed into the solution of the normal KPESCS. If we set a = 0, b = 0, the new KPESCS is reduced to another KPESCS (4), and its solution is also reduced to the solution of the system. Now, if we select a = b = 0, the hybrid KPESCS is reduced to the original KP equation finally, and its solution is similarly transformed into the solution of the KP equation. Similarly, the new two-dimensional TodaESCS (63)-(65) can be viewed as an extension of two different and simple two-dimensional TodaESCSs.
Combining the results obtained in this paper and those in [8] and [9] , we have clearly identified the first, the second and the hybrid types of KPESCSs according to the structures of their soliton solutions. Meanwhile a natural problem is raised: does there exist a criterion to determine which type of SESCSs a given system belong to, only from the expression of equations? According to the known examples and the construction of SESCSs, we may identify the first, the second and the hybrid types following some techniques below. We take a soliton equation with one source as an example. The system is generally expressed in the following coupled equations f (u) = F (φ, ψ), = k j,n+1 f n+1 − f n+1 k j,n+1 + λg j,n+1 h j,n+1 f n f n − k j,n f n − f n k j,n + λg j,n h j,n f n+1 f n+1 = 0. 
